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Abstract. The problem of Ahamnov-Bohm (AB) scattering on WO parallel flux lines of 
arbitrary magnitude is solved exactly; the expression for scattering cross-section in the 
region of geometric shadow is derived. It is shown that in the particular case of WO 
antiparallel lines of the same magnetic flux, though the return Bux does not exist, the AB 

scattering still exists. 

1. Introduction 

We have solved exactly the AB scattering [ 11 on two parallel flux lines and flux tubes of 
the same magnitude [2-41. Now we shall further generalize our method to solve 
exactly the AB scatteriiig on two flux lines of arbitrary magnitude, the fluxes are PI@ 
and B2@, respectively. In the particular case of two antiparallel lines of the same 
magnitude (PI = -B2= l),  the return flux [SI does not exist, but we shall show that AB 
scattering still occurs in this case by the calculation of scattering cross-section. This 
result is very important in understanding the cause of AB scattering. 

2. Vector potential 

Let OXY be the coordinate plane perpendicular to two flux lines, and the coordinates 
of the two flux lines be (u,O) and ( -u,O),  respectively. We choose two polar 
coordinates (p,. $q) and ( p 2 ,  Q2) with these two points as poles. In the Coulomb 
gauge, the vector potential is 
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where eo, and eh are the unit vectors in the transverse direction of the two polar 
coordinates. In terms of elliptical coordinates ( p ,  0) 

(1) becomes 
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x=u coshp cos e y =a sinhp sin 0 (2)  
~. 

(p l -p , )  coshp sin B +  (pl+pz)sin Bcos B 
cosh'p - cos% e, 

(3 ) 

(pl  -pz) sinhp cos B+ (p l+pa)  sinhp coshp 
cosh'p -cos2B + 

(h E [cosh2p - cos2B]'"). 
Now we simplify the form of vector potential by a gauge function A. Let the 

coefficient of e, of the new vector potential equal zero, we obtain 

coshpcos0-1 coshp cos B+ 1 
cosh p - cos 0 cosh,u +cos B sin-' +sin-' 

where g(B)  is a certain function of B. The new vector potential is 
cp gye)=-. 

dB A' =-#B)e, 

Equation (5) must satisfy the physical demand that 

fC, A' +=PI@ #cz A ' - ~ Y  = I%@ 

where Cl and C, are two closed paths around each flux. From (6) we zet 

Substituting (7) into (5) we obtain 

3. Schriidinger equation 

The Schrodinger equation is 

where k=(2mE/hZ)1'2 is the wavenumber. By writing 

q'= M(p)Q(B)  = M(v)Q(B) exp (PI -p2)  ?sin B + (B1 +p2)B I1 (10) 
R 

we find 
d2M 
dv2 -+ (a - 2q 2 v ) ~  = o 
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where a= - eW2zhc is the quantum number of flux, v = ip, q =a'k2/4, ,I + 2q is the 
constant introduced in the seperation of variables. Equations (11) are recognized as 
the Mathieu equations. Using the general solution of (11) and the relations between 
wavefurlion y (corresponding to A) and y' (corresponding to A') we get 

y = e x p  ia(&-pz) tan-'--- [ ( sine 2 

p1+p2 . _,coshp~0sf3-1 coshp cos 0 + 1 
coshp + cos 6 +sin-' 

coshp - cos e +ia- (sin 2 

should be constant and in the x direction, the incident wave must be chosen as 

y,,=exp{-2ia[g(0)+go]-ik.r}. (14) 

For simplicity we choose the arbitrary constant go as 

hence (14) becomes 

where z is the angle between the wavevector k of the incident wave and they axis. 
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Considering the expression (16) of the incident wave, we rewrite (12) as 

we obtain 

a= ~m + + B N ~  
and hence 

where R ( p ) = M ( p ) ,  @,@) are polar coordinates with the origin of the rectangular 
coordinates as pole. Through quite a tedious calculation as that given in [l], we find 
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1 = m = 2n # 0 

l = m = 2 n + l  

l f m  

1 = m = 2n #O 

I = m = 2n + 1 

l # m  

l = m = 2 n + l  

1- m = 2n + 2 

l #m 

1 = m  = 2n + 1 

1 = m = 2n + 2 

I#m 

(21) 
the constant multipliers p;  and s; are given in [6, pp. 388-3691. 

We comment here on criticism [7] of this method of calculation. First, (8) is 
calculated from two magnetic flux lines, it is singular only at two foci Fl and F2, not at 
other points on the line m, i.e. there is no singularity for A' on the line except 
at the two ends. Second, the singularity of elliptical coordinates consists only in the 
multivaluedness of 0 on the line m, but this singularity can be removed by 
recognizing as a branch line. Thirdly, there is no singularity for our solution (12) 
on the line m; in the appendix we show explicitly that this solution obeys 
~ ( p  = 0, B )  = q ( p  = 0, - e). Finally, we do not use any nearby boundary conditions to 
determine the coefficients in (17), we use only the faraway bodndary conditions. 
Therefore our results (17) and (21) are related to the scattering of electrons by two 
magnetic flux lines, not by a magnetic flux which is spread continuously along the line 
F;F; 171, and our method of calculation is correct. 

4. Scattering cross-section 

In the asymptotic region q3 = B 
n 

i(B, +B2)ae-i(B1 -p2)a- 2 sin O+ikp sin(@+ z) (22) 
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Combining (17), (21) and (22), taking advantage of the orthogonality relations of 
Mathieu functions, we can find the expression for f(0) as an expansion for the 
Mathieu functions. We find that the results are easily obtained from [l] by changing 
20 to  (8, + Bz)a and by increasing a phase factor e x d  - i(B, -pZ)a(n/2) sin e}. 

Now we derive an expression forf(0) in the region of the geometric shadow of the 
strings where q is very large but not yet infinite. When qa>>l,  and -x/2<O<n/2 we 
have 
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where 

When a+O, we must have f(e)=O, by the orthogonality of circular functions, 
equation (59) and the corrected version of equation (60) of [l] ((E2) of [2] should 
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change to - e-zi6 cos(28) in this case), we get 
sin z e-k14 e-i*14 

h d = z ( z + r + s i n z )  hTa=-= 4n"-1 
e - rd4  sin z hk=-  i?G (2n + 1)2  - 1 

(2n + 1) cos z - e-in!4 (2n + 2) cos 5 

h L = T z  (2n+1)2-1 h ' n = - ~  (2n+2)2-1' 

Substituting (24), (25) into (23) and using the approximate formula 161 

in the case r= -n/2 and 8=0, we get 

I + ipi tan 26 

hence 

In the particular case of two antiparallel lines of flux, PI = - P z =  1, (28) reduces to 
OI m 

(29) 
1 PLc1 PL 

U=- [ P6+ 2 (PLil - P U  + 4  ( (2n+ 1)2- 1 --)I ' 

h Z 4  ' I 2  l l = O  l l = O  

Obviously, the scattering cross-section does not equal zero in this case. Hence we 
obtain the important conclusion: even in the case that the return flux does not exist, 
AB scattering still exists. 
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